Recently a multidimensional generalization of Isolated Horizon framework has been proposed [1] . Therein the geometric description was easily generalized to higher dimensions and the structure of the constraints induced by the Einstein equations was analyzed. In particular, the geometric version of the zeroth law of the black hole thermodynamics was proved. In this work we show how the IH mechanics can be formulated in a dimension-independent fashion and derive the first law of BH thermodynamics for arbitrary dimensional IH. We also propose a definition of energy for non-rotating horizons.
Introduction
Four-dimensional isolated horizons proved to be a useful tool for studying black hole mechanics, thermodynamics and even quantum theory [13] , [14] . Being quasi-local they are also useful for numerical relativity (gravitational waves investigation, black hole merger studies). It is therefore interesting to investigate whether the notion of IH exists in higher dimensions and check if its physical properties are simmilar.
Hamiltonian formulation of General Relativity combined with the IH framework made it possible to formulate the first law of black hole thermodynamics for both rotating and non-rotating black holes [2] , [5] . Consider spacetimes with axially symmetric IH's (the spacetimes themselves don't have to be symmetric at all). The first law arises naturally as one investigates transformations of the phase space given by the flow of a vector field (time translation). One may ask about the conditions for such transformations to be generated by a Hamiltonian. It turns out (see [2] ) that the only condition constrains the value of vector field on the horizon. The condition implies that the generating Hamiltonian must be a function of the horizon area and angular momentum solely -but does not constrain this function in any way. One can, however, fix the Hamiltonian function (and therefore the IH energy value) by requiring that it agrees with the ADM mass in the case of stationary, asymptotically flat solution. Note that due to the Kerr solution uniqueness theorems such fixing is consistent: if the solution is stationary and asymptotically flat, it must be a Kerr metric and the ADM mass must depend on A and J in the Kerr-like manner. This work deals with N + 2-dimensional (N > 2) generalization of rotating Isolated Horizons [1] . We first check that the Hamiltonian formalism leads to the same conditions on the Hamiltonian function as in the 4D case. This result is valid for any rotating (axially symmetric) Weakly Isolated Horizon in any dimension. In order to define the energy however, we restrict ourselves to non-rotating ones. This is due to the fact that the general uniqueness theorem for the axialy symmertric spacetimes fails in higher dimensions [10] . One cannot assign safely the energy function using some family of solutions analogous to Kerr solutions in 4D since there exist other families with different ADM mass for given horizon area and angular momentum [9] , [10] . One would have to argue somehow why the choice of one family of solutions is more physical than the other.
It is true however that the conditions for the topology of the horizon to be a sphere and existence of two axes of symmetry are strong enough to prove the uniqueness of solution in 5 dimensions [11] .
Nevertheless, only in the static, non-rotating case there exist general uniqueness theorems for arbitrary dimension and for σ-model, vacuum and charged black holes [6] , [7] , [8] . Since we deal with the vacuum case, we will assume the energy dependence on the horizon area like in the generalized Schwarzschild case.
Weakly isolated horizons
In this section we recall the definition of non-expanding horizons (NEH) [1] , spell out the definition of weekly isolated horizons (WIH) and discuss the properties relevant for the next section.
The following index convention will be adopted:
• greek indeces will be used for objects defined on the whole N + 2dimensional tangent space of M,
• small latin letters for objects defined on or contained in the N + 1dimensional subspace (tangent to the horizon) and
• capital latin letters for the N-dimensional subspace (tangent to a cut).
Non-expanding horizons
Let ∆ be a N + 1-dimensional null surface in a N + 2-dimensional spacetime M and let l α denote a non-vanishing normal vector. If the expansion of l α vanishes everywhere on ∆, then this property is independent of choice of l α and we call ∆ a non-expanding null surface. This assumption, combined with a mild energy condition T αβ l α l β ≥ 0, implies a restriction [1] on the Ricci tensor:
It also implies that the metric tensor q induced on ∆ (degenerate) metric is Lie dragged by any null vector field tangent to ∆
It follows that there exists a one-form ω (l) a called the rotation potential and defined at every x ∈ ∆ by the equation 
Weakly isolated horizons
A weakly isolated horizon is a pair: a NEH ∆ equipped with a class [l] of non-vanishing, normal to ∆ vector fields such that:
• (ii) the rotation one-form potential ω a is Lie dragged by l L l ω (l) a = 0 (6) Note that the rotation one form potential (3) is insensitive to the constant rescalings (5) . Indeed, for every function b : ∆ → R and null vector field l α tangent to a non-expanding horizon, we have
Therefore we will skip from now on the suffix (l). We will summarize several basic facts concerning NEH's and WIH's. For proofs and further explanations see [1] and also the four dimensional case results [5, 4] .
To begin with, note that the integral curves of a vector field l α normal to ∆ are null and geodesic in the sense that
The coefficient κ (l) is called the surface gravity. Under a bit stronger energy condition that T αβ l β is causal and future-pointing, one may also prove the zeroth law of black hole thermodynamics which states that
where d is the exterior derivative on ∆.
Using the zeroth law it is easy to prove that every non-expanding horizon ∆ admits a large class of null vector fields l, each of which defines a distinct weakly isolated horizon [1] .
In particular, it follows that the surface gravity is necessarily constant for every WIH. If κ (l) = 0, the WIH is called extremal. Given a WIH there exists a freedom of rescaling the vector l α by a constant, positive factor accompanied by the same rescaling of κ (l) . Therefore in the extremal WIH case κ (l) is determined as 0. Otherwise, in the non-extremal case, its value depends on the choice of l α ∈ [l], however its sign is determined. (If κ (l) > 0 (< 0) then the cross over surface of ∆ [4] is in the future (past) of ∆, provided ∆ is extendable sufficiently.)
Good cuts foliation
Let (∆, [l]) be a non-extremal weakly isolated horizon. There exists a natural foliation of ∆ distinguished by the geometry of (∆, [l]). It is defined as follows: let∆ ⊂ ∆ be any leaf of the foliation. Then, the pullbackω α of the rotation 1-form potential onto∆ is divergence free,
whereq AB is he metric tensor induced on∆ andD A is the corresponding torsion free covariant derivative. If we assume that the leafs are global crosssections of the maximal analytic extension of ∆, then the foliation formed by them is unique [1, 4] . It is called a good cuts foliation of ∆.
Symmetries and symmetric WIHs
We consider the non-extremal WIHs here. A vector field X a tangent to a WIH (∆, [l]) is considered a generator of a (local) symmetry whenever it is true that
For example a vector field of the form f l a , where f is a function and l a ∈ [l], is a symmetry generator if and only if f = const, provided l and ∆ define a WIH. Indeed,
while the first term is zero [1] (that statement is equivalent to the zeroth law). Hence, every WIH admits those null symmetries. Suppose now a given non-extremal WIH (∆, [l]) admits a symmetry generator, a vector field X a not null at a point of ∆. It follows from the first equality in (11) that the projection Π * X a is a well defined vector field on the base manifold∆. Due to the second equality in (11) we conclude that
hence the vector field Π * X a is a Killing vector of the metric tensor defined on the base manifold∆. This shows that a generic WIH does not admit non-null symmetries. We now use the good cuts foliation of ∆ to lift Π * X a to a vector fieldX a defined on ∆, tangent to the good cuts at every point, and such that
Therefore,
where the factor f is a function defined on ∆. We claim that again df = 0.
To see this, note first that a stronger condition than the first equation in (11) is necessarily true, namely L X l = 0.
due to the last equality in (11) . Secondly, let us exercise the invariant character of the good cuts foliation. Introduce a function v : ∆ → R constant on each leaf of the good cut foliation, and such that l a D a v = 1. The derivative dv is uniquely defined by l and the foliation, and both are preserved by the local flow of X a , therefore the derivative is necessarily preserved by the flow of X a . Hence
Finally, it follows that the vector field
itself generates a WIH symmetry. Concluding, if a WIH admits a non-null vector field generating a symmetry, then it admits a symmetry generator tangent to the leafs of the good cut foliation.
Basically, the argument presented above is the same as that of [5] (due to [1] ), except a small gap in the proof of (16) which was filled here.
The phase space of the Einstein vacuums admitting WIH
We will use in this paper the covariant phase space formalism, in a version admitting causal boundaries of the considered space-time. An exhaustive description of this formalism can be found for example in [2] (see also [12] ). Our covariant phase space Γ is, briefly speaking, the space of all the solutions of the vacuum Einstein equations which admit non-expanding horizon. We use the Einstein-Palatini formulation of gravity. The fields are defined on a given space M, a region of a space-time M ′ . M is contained between three sub-manifolds: ∆, M 0 and M 1 , equipped by each point in the phase space with, respectively, a non-expanding horizon structure, and space-like surfaces structures. Below, we first specify the assumptions about M, and secondly the boundary conditions. In Section 5 we discuss the issue of the naturality of our boundary conditions and the invariance of the resulting first law derived in Section 7.
M is a closed region of a manifold M ′ , anḋ
As in the previous sections, ∆ =∆ × [0, 1] where∆ is a compact N dimensional manifold. Our calculations will be valid for either of the following two cases:
• The properly quasi-local case, Fig. 1 : ∂M 1 ) consists of an intersection∆ 0 (∆ 1 ) with ∆, and a co-dimension 2 compact sub-manifold S.
• The asymptotically flat case, Fig. 2 : M is an infinite region in M ′ . The surfaces M 0 and M 1 are codimension 1 infinite sub-manifolds with boundary. The boundary ∂M 0 (respectively, ∂M 1 ) consists of an inter-section∆ 0 (∆ 1 ) with ∆.
In both cases we assume that the metric tensors under consideration extend smoothly to a neighborhood of M. Additionally, in the second case we assume that the metric tensor fields are asymptotically flat 2 .
v= const ∆ φ l φ Figure 3 : The structure fixed in ∆ =∆ × [0, 1]: the Cartesian product structure, the natural coordinate v on [0, 1] extended to ∆, the vector field d dv extended to ∆ and denoted by l, and a vector field φ, the natural extension to ∆ of a vector fieldφ fixed on ∆.
On the manifold ∆ we fix the Cartesian product structure ∆ =∆ × [0, 1] and on the manifold∆ we fix an additional vector fieldφ later used for a definition of the angular momentum.
Out of this data we also construct on ∆ (see Fig. 3 ): (i) a vector field l α , the natural extension to∆×[0, 1] of the vector field d dv where v : [0, 1] → [0, 1] is the natural coordinate, (ii) a function v : ∆ → R, the natural extension of the function v defined on [0, 1], (iii) a vector field φ, the natural extension to ∆ =∆ × [0, 1] of the vector fieldφ.
On M we consider vacuum gravitational fields such that ∆ is a nonexpanding horizon and l α defines on ∆ a WIH. Every gravitational field g is defined by a co-frame, i.e. a sequence of differential 1-forms (e 1 , ..., e N +2 ) normalized such that
whereη AB , A, B = 1, ..., N, is diag(1, ..., 1). We will be using the Palatini framework, therefore we introduce an additional field, which is an anti-symmetric matrix (Γ αβ ) α,β=1,...,N +2 of 1-forms, referred to as the connection 1-forms.
We formulate now the boundary conditions at ∆ explicitly, in the technical way. Given a differential n-form w in M, the pullback to ∆ will be denoted by w ∆ .
We assume about each co-frame (e 1 , ..., e N +2 ) considered in M and about its dual vector frame (e 1 , ..., e N +2 ) that
The pullbacks to ∆ of the connection 1-forms are subject to the following conditions:
The conditions (23, 25) imply that ∆ is null, the condition (26) is equivalent to the assumption that ∆ be a non-expanding horizon contained in a vacuum space-time (it is exactly equivalent to (2)), whereas (27) (meaning the same as (6)) is necessary and sufficient for the vector field l to form together with ∆ a WIH. Just to simplify the calculations we introduce a short-hand notation for the following N + 2 − k-forms
and we denote the curvature of Γ α
The Palatini action for the vacuum Einstein equations in arbitrary dimension can be written down as
with C being a constant of dimension L N . The boundary term S ∂ is unnecessary in the properly quasi-local case
whereas in the asymptotically flat case we take it to be
where τ r stands for the cylinder r = const. That additional boundary term is added to ensure that the variational problem with asymptotically flat boundary conditions is equivalent to the vacuum Einstein equations. Its role can be seen easily if we compute the variation of S corresponding to an arbitrary vector field δ tangent to the phase space Γ, namely
Now, it follows from the asymptotic flatness that the boundary term is zero, whereas the vanishing of the bulk terms is equivalent to Einstein's equations.
It is easy to check that in neither case we need to add any surface term associated with ∆. This is a consequence of the properties of the non-expanding horizons [2] , [5] .
The covariant phase space is equipped with a pre-symplectic structure, i.e. an antisymmetric 2-form Ω. It is defined by a symplectic current calculated in the usual way: take two vector fields δ 1 and δ 2 tangent to Γ. The definition of the commutator implies
If the Einstein equations are satisfied, the identity takes the form of
The boundary of M consists of the two space-like hyper-surfaces M 0 and M 1 , the horizon ∆, plus, in the asymptotically flat case, the cylinder τ r where r → ∞. 3 Figure 4 : Permissible integration surface for the symplectic form
The differential N + 1-form equal to C times the integrant is called the symplectic current
The symplectic form may be defined by integrating the symplectic current
along any of the surfaces ∆ 0,v 0 ∪ M v 0 (see Fig. 4 ) where ∆ 0,v 0 is the portion of the surface ∆ bounded by the slices∆ 0 such that v = 0,
and M v 0 is a connected N + 1 dimensional sub-manifold of M ′ whose boundary consists of∆ v 0 and: either S in the the quasi-local case or 'the sphere at infinity' in the asymptotically flat case meaning M v 0 is asymptotically flat in the asymptotically flat coordinates (see footnote 2). We define the orientation of the surface ∆ 0,v 0 ∪ M v 0 as the orientation of the boundary of the region bounded by M 0 and ∆ 0,v 0 ∪ M v 0 . Note that due to the identity, the integral is independent of choice of the surface labelled by any 0 ≤ v 0 ≤ 1, and the domains of dependence of each of the surfaces used in (37) are equal. Nonetheless, the integral itself does depend on the choice of M 0 . We will analyze the horizon part of the symplectic form first. (We could restrict ourselves to the surface corresponding to v 0 = 0 and get rid of the horizon term altogether. However, holding v 0 arbitrary we will understand the framework better. Also, the horizon terms in the symplectic form are used in the quantum horizon framework [13] )
The boundary conditions (23, 24, 25, 26, 27) imply in particular that, given a gravitation field, the rotation 1-form potential ω of the WIH (∆, [l]) defined by the vector field l is given by the following pullback to he horizon
The induced null surface geometry of ∆ determines the area N-form ǫ which can be expressed as
The area of arbitrary space-like N-dimensional hypersurfaceS ⊂ ∆ is equal to S ǫ (see footnote 3). On the other hand,
Note that since Σ N +1 A and Σ AB contain e N +2 they vanish when pulled back to ∆. We are left therefore with
We can simplify this expression if we decompose ω to ω = κ (l) dv +ω (45)
with l ω = 0. It is straightforward to prove thatω ∧ ǫ = 0 and therefore the expression for the horizon part of the symplectic form can be further simplified
The horizon part of the identity can finally be integrated out to
where a ∆ stands for the area of a cross-section of ∆ →∆.
We conclude that the symplectic form reads
where Ω bulk consists of the first two terms above, and Ω ∆ 0,v 0 of the remaining two terms. We will call them the bulk part and the horizon part, respectively. The horizon part is proportional to v 0 , the distance in terms of the affine parameter corresponding to l, between the slices∆ v 0 and∆ 0 . The horizon part is invariant with respect to rescalings of l by a constant, but it depends on the choice of the initial slice∆ 0 .
Generating functions for space-time diffeomorphisms
A special class of vector fields tangent to the phase space Γ is defined by diffeomorphisms of M. To every point in Γ (a solution of Einstein equations on M) assign a vector field X defined in a neighborhood of M. From our point of view, the flow of X transports the gravitational field, while the region M is kept fixed. A necessary condition for X is that the flow of X understood in this way preserves the boundary conditions (23, 24, 25, 26, 27) at ∆. The Lie derivative along X defines a vector field δ X tangent to Γ (or a variation, as this object is often called in variational calculus). We can now ask the question whether the flow of δ X is generated by a Hamiltonian. Namely, we try to determine the conditions under which there exists a function H on Γ such that
for every vector field δ (variation) tangent to Γ. Before we proceed, we introduce several formulas we will use in subsequent calculations.
We assume vacuum Einstein equations to be satisfied on entire spacetime
Those imply following identities for the variations
These are in fact the linearized Einstein equations. Two useful identities follow from (28):
and
with X γ = e γ (X). We now calculate Ω bulk (δ X , δ). The variations of the fields are equal to the Lie derivative along X. By applying the well-known Cartan formula
This formula can be reduced to mere boundary terms. First we apply the integration by parts for the first and third term, the definition of curvature two-form (29) to the second and (50) to the fourth. We get
The remaining bulk term can be proved to vanish. By the virtue of (55) and (53) we have
The bulk term can be now rewritten in the form of
The last term is just the contraction of right-hand side of the Einstein equations (53) with X and is therefore equal to 0. 4 We are left only with the surface terms of the bulk part of the symplectic form
The horizon part of the symplectic form, on the other hand, vanishes,
because both the area a ∆ and the surface gravity of l are constant on a WIH. Finally
In the asymptotically flat case, every vector field X can be split into two parts, say X ′ and X ′′ , one being identically zero outside some finite neighborhood of the horizon while the other identically vanishing at the horizon. Then, the contribution of X ′′ is just the ADM mass or angular momentum (see [5] ), provided that it satisfies appropriate conditions in the infinity. Our goal is to derive the contribution from the horizon. Assume X is identically zero out of a finite neighborhood of the horizon, whereas on the horizon X satisfies the following boundary condition 5
where the quantities κ (X) and Ω (X) are constant on the horizon, but their values possibly depend on the gravitational field. That is κ (X) and Ω (X) are functions defined on the phase space Γ. (One should not confuse Ω (X) with the symplectic form.) The reason for this notation as well as the geometric and physical meaning of the two quantities introduced here will be explained in the next three sections.
By substituting X in (64) by the right hand side of (65) and taking into account the boundary conditions at ∆ ((23), (24) and (25)) we get
Angular momentum
We now assume the vector field X coincides on the horizon with the fixed vector field φ. That is, Ω (φ) = −1 and κ (φ) = 0. Then, Ω(δ X , δ) calculated in (66) is automatically a variation
and the negative of its generator
will be called the horizon angular momentum associated to the vector field φ tangent to ∆, that is to say, associated to the vector fieldφ arbitrarily fixed on∆. The formula agrees with the one given in [5] in the case of four-dimensional horizons.
Recall that a given non-expanding null surface ∆ contained in some spacetime (M ′ , g) admits infinitely many WIHs. In our framework, each of them is assigned to a distinct point in the phase space. Now, the angular momentum is defined using a WIH structure and it depends on ω. However, ifφ happens to be a generator of a local area preserving symmetry, then the corresponding J (φ) does not depend on choice of the WIH structure on ∆. Indeed, suppose given gravitational field, a vector field l ′ = f l also defines a WIH on ∆. Then the rotation 1-form potential ω ′ corresponding to l ′ and the integral used to define the angular momentum satisfy
Suppose an asymptotically flat gravitational field admits an extension of the vector field φ to a Killing vector field φ generating (asymptotic) rotations. Let the vector field X assigned to this gravitational field be φ. Then, Ω(δ X , ·) must be equal to 0. Therefore the corresponding ADM angular momentum at infinity equals the horizon angular momentum (for this argument we wave the assumption that φ vanishes identically out of a finite neighborhood of ∆) [5] .
Area as a generator of null translations
If we take X to be a null vector proportional to l, i.e. Ω (X) = 0, κ (X) = 0, we get from (66)
which implies that H X , and consequently κ (X) , is a function of a ∆ solely. Hence, in order to get a hamiltonian flow we must take κ (X) to be any function of the horizon area, and the generator to be 2C · κ (X) (a ∆ ) · a ∆ . In particular, the horizon area itself is an admissible generator of a diffeomorphisms semigroup, whose flow is given by (2C · κ (l) ) −1 l.
The first law
In this section we will show that the conditions for the general X to be hamilonian give the same first law of black hole thermodynamics as in the case of four dimensions.
Assume (66) is a total variation of a quantity H ∆ and rewrite it as
This is only possible under following asumptions 1. H ∆ is a function of a ∆ and J only (and consequently the same is true for κ (X) and Ω (X) -see the previous section)
2. an equation analogous to the Maxwell relation in thermodynamics holds:
Equation (49) puts therefore strong constrains on the value of the vector field X on the horizon. The value of the energy function is completely undetermined so far. If we had a prefered family of stationary solutions we could argue that the horizon energy should match the ADM energy in that case since no gravitational radiation or matter is present. Unfortunately, as we mentioned in the introduction, no general uniqueness theorem for asymptoticaly flat, axially symmetric spacetimes exist in higher dimensions. Only in dimension 5 a partial result holds which states that if we additionaly assume the horizon topology to be spherical, there exists precisely one solution of Einstein equations.
In the spherically symmetric (static) case, however, no such problem arises [6] , [7] , [8] . We can assign definite value of energy as a function of horizon energy in the non-rotating, spherically symmetric case. It is given by the function describing the ADM mass as a funcion of the horizon area (see [9] )
Discussion and conclusions
We proved that the first law of black hole thermodynamics holds for arbitarily dimensional, axialy symmetric weakly isolated horizons. We have defined the horizon angular momentum as the generator of rotational symmetry. We have shown that the assumption that time flow no the horizon is hamiltonian leads to a differential condition on the mass function which can be interpreted as the first law of thermodynamics of black holes. We also proposed a hamiltonian function depending on the horizon area and angular momentum.
